THE DOMAIN ALGEBRA OF A CP-SEMIGROUP 



William Arveson 

Department of Mathematics 
University of California 
Berkeley CA 94720, USA 

18 May, 2000 

ABSTRACT. A CP-semigroup (or quantum dynamical semigroup) is a semigroup (fi = 
{(fit '■ t > 0} of normal completely positive linear maps on B(H), H being a separable 
Hilbert space, which satisfies 0t(l) = 1 for all t and is continuous in the natural 
sense. 

Let T> be the natural domain of the generator L of (fi, (fit = exp tL. Since the maps 
(fit need not be multiplicative T> is typically an operator space, but not an algebra. 
However, we show that the set of operators 

A = {A G V : A* A G V, AA* G V} 

is a *-subalgebra of B(H), indeed A is the largest self-adjoint algebra contained in 
T>. Because A is a *-algebra one may consider its *-bimodule of noncommutative 
2-forms Q, 2 (A) = Sl 1 (^4) <8>_4 f2 1 (^4), and any linear mapping L : A — > B(H) has a 
symbol aj_, : Q, 2 (A) — » B(H), defined as a linear map by 

crj,(a dx dy) = aL(xy) — axL(y) — aL(x)y + axL(l)y, a,x,y G A. 

The symbol is a homomorphism of ,4-bimodules for any *-algebra A C B(H) and 
any linear map L : A — > B(H). When L is the generator of a CP-semigroup with 
domain algebra A above, we show that the symbol is negative in that a^(uj*uj) < 
for every ui G CI 1 (A) (— o~l is in fact completely positive). 

Examples are given for which the domain algebra A is, and is not, strongly dense in 
B(H). We also relate the generator of a CP-semigroup to its commutative paradigm, 
the Laplacian of a Riemannian manifold. 



1. Basic properties of A. Let <f) = {4>t : t > 0} be a CP-semigroup as defined in 
the abstract. We first recall four characterizations of the domain of the generator 
of <f>. 

Lemma 1. Let A £ B(H). The following are equivalent. 
(i) The limit 

L(A) = lun + ±(MA) ~ A) 
exists relative to the strong-* topology ofB(H). 
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(ii) the limit 

L(A) = \hn + ±(MA) ~ A) 
exists relative to the weak operator topology of B(H). 

(iii) 

sup -\\4> t (A) - A\\ < M < oo. 
t>o t 

(iv) There is a sequence t n — > 0+ /or which 

sup -\\4> tn (A) - A\\ <M<oo. 



proof. The implications (i) ==> (ii) and (iii) ==>■ (iv) are trivial, and (ii) ==> 
(iii) is a straightforward consequence of the Banach-Steinhaus theorem. 

proof of (iv) ==> (i). Since the unit ball of B(H) is weakly sequentially compact, 
the hypothesis (iv) implies that there is a sequence t n — > 0+ such that 

l(^(i)-A)-TG6(ff) 

in the weak operator topology. We claim: for every s > 0, 

(1.1) f 4>x{T)d\ = 4> s {A)-A. 

Jo 

The integral on the left is interpreted as a weak integral; that is, for £, 77 G H, 
Jo 

To see that, fix A > 0. Since <f>\ is weakly continuous on bounded sets in B(H) 
we have 

U<t>x+t n W ~ MA)) = Mr^(A) - A)) - MT) 

in the weak operator topology, as n — > 00. By the bounded convergence theorem, 
we find that for fixed £, r] <G H, 

hm 1( f (^ +tn (A)e,»7> <iA - f (</»A(A)C,r/) dA) = f (<f>x{T)S,v) dX. 
Writing 

f(X + t n )dX- f(X)dX= f(X)dX- /(A) dX, 

Jo Jo Js Jo 

the left side of the preceding formula becomes 

hm (- / (MA)d,v) dX — — (MA)tv) dX) 

n^oo t n J s t n J 
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which, because of continuity of 4> in the time parameter, is (<fi a (A)£, rj) — {A£, 77), as 
asserted in (1.1). 

To prove the strong-* convergence asserted in (i), fix £ G H and use (1.1) to 
write 

\\\ <j)s {A)i-Ai)-n\\ = -\\ f '<f> x (T)CdX- [ S TZd\\\ 
s s Jo Jo 

< - f \\mt)h - m\ d\ < (- f \\mt)h - m 2 dx) 1 / 2 . 

s Jo s Jo 

The integrand of the last term expands as follows 

||0 A (T)£-T£|| 2 = (MTYMmO -^(MT)Z,TO + ||T£|| 2 
< {<f> x (T*T)U) ~ 2»<fo(T)£,T£) + ||T£|| 2 , 

the last inequality by the Schwarz inequality for unital CP maps. Since 4>\(T*T) 
(resp. <f>x(T)) tends weakly to T*T (resp. T) as A -> 0+, it follows that 

hmsup- / ||0 A (r)e-re|| 2 dA<(r*re,O-2(re,Te) + ||re|| 2 = o, 

and we conclude that ^(4> S (A) — A) tends strongly to T as s — > 0+. 

Similarly, \{<j> s (A) - A)* = ^((j) s {A*) - A*) tends strongly to T*. | 

Definition. Let V be the set of all operators A G B{H) for which the four condi- 
tions of Lemma 1 are satisfied. L : V — > B(H) denotes the generator of <f>, 

L(A)=lun + ±(MA)-A), A £ V. 

It is obvious that T> is a self-adjoint linear subspace of B(H), that L{A*) = L(A)* 
for A £ V, and a standard argument shows that T> is dense in B(H) in the a-strong 
operator topology. 

Lemma 2. For every operator A £ V we have 

\\L(A)\\=su P hMA)-A\\. 
t>o t 

proof. The inequality < is clear from the fact that L(A) is the weak limit of oper- 
ators j((f> t (A) — A) near t = 0+, i.e., 

\\L(A)\\ < hmsup -UM)- A\\ < sup -U t {A) - A\\. 
t^o+ t t>0 t 

For >, set T = L(A). Using (1.1), we can write for every t > 

- t \\cf> t (A) - A\\ = - t \\jy x (T)dX\\ < 1 jf* ||^(T)||dA < ||T||, 
since \\4>\\\ < 1 for every A > 0. I 
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Theorem A. A = {A G V : A* A G V, AA* G V] is a *-subalgebra of 13(H). 

proof. A is obviously a self-adjoint set of operators. We have to show that A is a 
vector space satisfying A • A C A. 

Fix t > 0. By Stinespring's theorem we can write 

(1.2) MX) = V;* t (X)V t , X G B(H) 

where Vj is an isometry from H into some other Hilbert space H t and where irt : 
B(H) — > B(H t ) is a normal *-homomorphism of von Neumann algebras. P t = T4V t * 
is a self-ajoint projection in B(H t ). 

For t > we will consider the seminorms p t , qt defined on B(H) as follows 

Pt(x) =t- 1 \\Mx)-x\\, 

qt (x) = t-^WPMx) - n(X)P t \\, X G B(H). 

Lemma 3. For every operator X G B(H) we have the following characterizations. 

(i) X G V iff 

suppt(X) < oo, 

i>0 

and in that case ||L(X)|| = sup t>0 p t (X). 

(ii) X G A iff both sup t>0 pt(X) and swp t>0 q t (X) are finite, and in that case 

max(\\a L (dX* dX)^/ 2 , \\a L (dX dX*)^/ 2 ) < limsupg t (X), 

where Uh{dX* dX) and ai(dX dX*) are the operators in B(H) defined by 

a L (dX* dX) = L(X*X) - X* L(X) - L(X*)X, 
a L (dX dX*) = L(XX*) - XL{X*) - L(X)X* 

Remark. The second assertion of Lemma 3 requires clarification. By definition, 
an operator X belongs to A iff all four operators X, X* , X* X, XX* belong to 
the domain of the generator L of (f) = {(pt : t > 0}. In that case both opera- 
tors aL{dX* dX) and o^idX dX*) are well defined by the above formulas. The 
"symbol" map o~l will be discussed more fully in section 3. 

proof of Lemma 3. The assertion (i) follows from Lemmas 1 and 2 above. In order 
to prove (ii) we require the following more concrete expression for the seminorm q t , 

qt(X) = 
(1.3) 

max(||l(^ppx) - mx)*Mx))\\ 1/2 , \\](4>t(xx*) - Mx)* Mx*))\\ 1/2 ). 

To prove (1.3) we decompose the commutator ir t (X)P t — P t 7r t (X) into a sum 

ir t (x)Pt - PMX) = (i - Pt)ir t (x)P t - PMx)(i - P t ). 
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Since the first term (1 — P t )-K t (X)P t has initial space in PfH t and final space in 
(1 — P t ), and the second term has the opposite property, it follows that 

\\ir t (X)P t - PtMX)\\ = max(||(l - P t )ir t (X)P t ||, \\P t ir t (X)(l - P t )\\). 

We have 

||(1 - P t )7T t (X)P t \\ 2 = \\V t *7T t (X*)(l - P t )7T t (X)V t \\ 

= \\V t *7T t (X*X)V t - V t *7T t (X*)V t V t *7T t (X)V t \\ 

= \\Mx*x)-MXTMx)\\. 

Similarly, 

\\PMX)(1-Pt)\\ 2 = \\V t *n t (X)(l-P t )n t (X*)V t \\ = \\cf> t (XX*) - 

and formula (1.3) follows from these two expressions. 

Now if X € A then all four operators X, X*,X*X, XX* belong to V, hence all 
four limits 

lim + -(<f>t(X*X) - X*X) = L(X*X), 
lim + j((f) t (XX*) - X*X) = L(XX*), 
]im + ±(MX)-X)=L(X), 
l_im - t (MX*) - X*) = L(X*) 

exist relative to the strong operator topology. Writing 

Mx*x)-MxyMx) = 
(1.4) (Mx*x)-x*x) - x*(Mx) -x)- (MX*) - x*)Mx) 

and using strong continuity of multiplication on bounded sets, we find that the 
limit 

lim -U t (X*X) - <t> t (X*)<t> t {X)) = L(X*X) -X*L(X) - L(X*)X = a L (dX* dX) 

t ►OH - T, 

exists relative to the strong operator topology. 

In the same way we deduce the existence of the strong limit 

hm + ^(MXX*)-MX)MX*)) = L(XX*)-XL{X*)-L{X)X* = a L {dX dX*). 

It follows that for every X £ A the seminorms qt(X) are bounded for t > 0, and 
for such X we have 

m&x(\\a L (dX* dX)|| 1/2 , \\a L (dX dX*)^/ 2 ) < limsupg t (X). 
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Conversely, suppose we are given an operator X G V for which the seminorms 
qt(X) are bounded for t > 0. We have to show that X*X and XX* belong to V; 
since V is self-adjoint and the seminorms q t are symmetric in that q t (X*) = qt(X), 
it is enough to show that X*X belong to V. (1.4) implies that for fixed t > 0, 

(pt(X*X)-X*X = 

(1.5) 

(4> t (x*x)-Mx*)Mx)) + x*(Mx) -x) + (MX*) - x*)<f> t (x) 

Because of (1.3), the first term on the right of (1.5) is bounded in norm by Mi ■ t 
where Mi is a positive constant. Similarly, since X and X* belong to T> the second 
and third terms are bounded in norm by terms of the form M 2 • t and M 3 ■ t 
respectively, hence 

\\MX*X) - X*X\\ < (Mi +M 2 + M 3 ) ■ t. 
By Lemma 1, X*X must belong to V. I 

Turning now to the proof of Theorem A, (or more properly, to the proof that 
A is an algebra), Lemma 3 tells us that A consists of all operators X £ B(H) for 
which 

suppt(X) < oo, and supq t (X) < oo. 

t>o t>o 

Since p t and q t are both seminorms, it follows that A is a complex vector space 
which is obviously closed under the *-operation. 

To see that A is closed under multiplication, pick X, Y G A. According to 
Lemma 3, it is enough to show 

(1.6) sup q t {XY) <oo 
and 

(1.7) supp t (Xy)<oo 
To prove (1.6) we claim that 

(1-8) q t (XY)<q t (X)\\Y\\ + \\X\\q t (Y). 

Indeed, writing [A, B] for the commutator AB — BA we have 

[P t ,7T t (XY)\ = [P t ,7r t (X)}7T t (Y)+7T t (X)[P t ,7T t (Y)}, 

and hence 

q t (XY)=t- 1 / 2 \\[P t ,n t (XY)}\\ 

< t-^\\[p t ,Mx)\\ ■ Ikonii + \\„ t {x)\\-t-v 2 \\[P u * t (Y)]\\, 

from which (1.8) is evident. 
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Finally, consider the condition (1.7). By definition of A, A G A implies A* A £ V. 
Since A is now known to be a linear space we can assert that if X, Y £ A then for 
every k = 0, 1, 2, 3 we have Y + i k X £ A, hence (Y + i k X)*(Y + i k X) £ V and by 
the polarization formula 

1 3 

X*Y = - Y^i k (y + i k X)*(Y + i k X), 

k=0 

X*Y must also belong to V. Since A* = A, we can replace X* with X to conclude 
that XY G D. (1.7) now follows from Lemma 3 (i). I 



Corollary. Let T> be the domain of the generator of a CP-semigroup acting on 
B(H) and let A be a self-adjoint operator such that A £ V and A 2 £ V. Then 
p(A) £ V for every polynomial p(x) = a + a\x + • • • + a n x n . 

2. Examples. In this section we describe two classes of examples which are in 
a sense at opposite extremes. In the first class of examples of CP-semigroups 
4> = {4> t : t > 0}, each <f> t leaves the C*-algebra K. of all compact operators invariant, 
0t(^Q ^ fc, its domain algebra A is strongly dense in B(H), and its generator 
restricts to a "second order" differential operator on A (see formula (1.1) of [1]). 
In the second class of examples, the individual maps satisfy 4>t{K,) n K = {0} for 
t > 0, A is not strongly dense in B(H), and its generator is degenerate in the sense 
that it restricts to a derivation on A. 

We first recall the class of examples of CP-semigroups of [1], including the heat 
flow of the CCR algebra. While for simplicity we confine the discussion to the case 
of one degree of freedom, the reader will note that everything carries over verbatim 
to the case of n degrees of freedom, n = 1, 2, . . . . 

Let {W z : z £ M 2 } be an irreducible Weyl system acting on a Hilbert space H. 
Thus, z £ M 2 h- ► W z is a strongly continuous mapping from M 2 into the unitary 
operators on H which satisfies the canonical commutation relations in Weyl's form 

W Z1 W Z2 = e^> z ^W Zl+Z2 , z u z 2 £ R 2 , 

to denoting the symplectic form on R 2 given by 

u((x, y), (x', y')) = -(x'y - xy'). 

Let {/it : t > 0} be a one-parameter family of probability measures on M 2 which is 
a semigroup under the natural convolution of measures 

jjL*v(S)=l xs{z + w)dn(z)dv(w), 

Jl 2 xl 2 

which satisfies /io = <5(o,o) , and which is measurable in t in the natural sense. It is 
convenient to define the Fourier transform of a measure /j, in terms of the symplectic 
form uj as follows, 

(X( z ) = [ e^'V d(i((), z£R 2 . 
Jr 2 
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Given such a semigroup of probability measures {fi t : t > 0} there is a unique CP 
semigroup <p = {(fi t '■ t > 0} acting on B(H) which satisfies 

<Pt(W z ) =h(z)W z , zGR 2 , t>0 

see [1], Proposition 1.7. Two cases of particular interest are 

(CCR heat flow) M w *) = e"* |z| V z , t>0 

where |(x,y)| denotes the Euclidean norm (x 2 + y 2 ) 1 ^ 2 , and 

(Cauchy flow) M W z) = e~ tlzl W z , t > 0. 

For both of these examples a straightforward estimate shows that for fixed zeR 2 
there is a constant M > such that 

\\MW z )-W z \\ = \jl t (z)-l\<M-t, t>0 

and hence W z G V. Since W z is unitary, 1 = W*W Z = W Z W* belongs to V , and 
hence W z belongs to the domain algebra A of (f> for every z G IR 2 . We conclude 
that for these examples, the domain algebra is strongly dense in B(H). 

Indeed, it is not hard to show that A contains a *-algebra of compact operators 
that is norm-dense in the algebra K, of all compact operators. Unlike the examples 
to follow, these flows leave /C invariant in the sense that 0t(£) C K, for all t > 0, 
and can therefore be considered as CP-semigroups which act on the separable C*- 
algebra /C, rather than than as CP-semigroups acting on B(H). 

We now describe a class of examples of CP semigroups whose domain algebras 
are not strongly dense in B{H). These examples are inspired by a class of CP 
semigroups that have emerged in recent work of Robert Powers, to whom we are 
indebted for useful discussions. 

Let H = L 2 (0,oo) and let U = {U t : t > 0} be the semigroup of isometries 
Ut£(x) = £(x — t) for x > t, Uti{x) = for < x < t. Fix a real number a > 0, 
and let / be the unit vector in L 2 (0, oo) obtained by normalizing the exponential 
function u{x) = e~ ax , x > 0. One has U£f = e~ at f for every t > 0, hence the 
vector state u(A) = (Af,f) satisfies u(U t AU;) = e~ 2at uj(A), A e B(H). 

We consider the family of unit-preserving normal completely positive maps <p = 
{<j) t :t> 0} defined on B{H) by 

(f>t(A) = u(A)E t + U t AUt, t>0. 
where E t = 1 — U t U^ is the projection on the subspace L 2 (0,t) C L 2 (0, oo). Since 

u;(E t )=u;(l)-u>(U t U t *) = l-e- 2at , 

it follows that u)(<p t (A)) = oo(A) for every A. A routine computation now shows 
that 4> satisfies the semigroup property (j) s o <fi t = <f) s + t , hence is a CP semigroup. 
Let V be the domain of the generator of 4> and let A be the domain algebra 

A = {A G T> : A* A G V, AA* G V}. 

Theorem A implies that A is a unital *-algebra and we calculate its strong closure. 
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Proposition. The strong closure of A consists of all operators B 6 B(H) such 
that B commutes with the rank-one projection f <S> f. 

Thus the strong closure of A consists of all operators B such that both B and 
B* have / as an eigenvector. 

proof. By Lemma 1, the domain V of the generator of cf) consists of all operators A 
with the property 

(2.1) \\MA) - A\\ < M ■ t, for alH > 0, 

where M is a positive constant depending on A. 

First, we show that / <8> / commutes with A. Choose A € A. In order to show 
that A commutes with / <g> /, it is enough to show that 

(2.2) u(A*A) = uj{AA*) = \uo{A)\ 2 , 
since (2.2) implies 

\\Af - u(A)ff = u>{A*A) - 2\u{A)\ 2 + \u(A)\ 2 = 0, 

and similarly \\A* f - uj{A*)f\\ = 0. Multiplying <j) t (A) - A on the right by E t and 
using the fact that (f> t (A)E t = u(A)E t we conclude from (2.1) that 

lim \\u{A)E t - AE t \\ = 0. 

Replacing A with A* A and AA* one also finds 

lim \\uj(A*A)E t - A* AE t \\ = Jim \\w(AA*)E t - AA* E t \\ = 0. 

Taken together, these three limits imply that uj(A* A) = ^(^4^4*) = [oj(A) | 2 , as 
required. 

To prove the opposite inclusion it is enough to show that for every self-adjoint 
operator A G B(H) satisfying Af = there is a sequence A n of self-adjoint op- 
erators in A which converges weakly to A (recall that A is a self-adjoint algebra 
containing the identity). Fix such an A and, for every e > 0, set 

A e = <j) e (A) = io(A)E e + U e AU* = U e AU*. 

A e converges weakly to A as e — > 0. Moreover, A e is supported in the interval (e, oo) 
in the sense that A e E e = E e A e = 0, and in addition we have A e f = since 

AJ = U t AU:f = e-^U t Af = 0. 

We show that each A e can be weakly approximated by self-adjoint elements of the 
domain algebra. 
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Lemma. Suppose e > and let A be a self-adjoint operator in B{H) such that (i) 
Af = and (ii) A is supported in (e, oo) in the sense that AE e = E e A = 0. Let u 
be a C°° function having compact support in [0, e] and consider 

yoc poo 

B = u(s)U s AU*ds= / u(s)<p s (A)ds. 
Jo Jo 

Then B n G V for every n = 1, 2, . . . , and in particular B G A. 

proof. Observe first that B has both properties (i) and (ii), hence so does B n for 
every n. Thus for t < e we have 

M Bn ) ~B n = U t B n U; — B n = U t B n U t * - B n U t U t * = (U t B n - B n U t )U t * . 

This implies that for sufficiently small t 

U t {B n ) ~ B n \\ = \\U t B n - B n U t \\. 

We conclude that B n G V iff there is a constant K > such that 

(2.3) \\U t B n - B n U t \\ < K-t, foralU>0. 

To prove (2.3), one uses the Leibniz rule for the derivation D(X) = UtX — XV t to 
estimate \\V t B n - B n V t \\ in terms of \\V t B - BU t \\, 

\\D(B n )\\ <n - WBW™- 1 \\D(B) || =n - ||B|| n_1 \\U t B - BU t \\. 

Since B has been smoothed it belongs to the domain T>, hence there is a constant 
M such that \\V t B - BV t \\ < M ■ t, hence \\V t B n - B n V t \ < nMWB^' 1 ■ t. | 

The proof of the Proposition is completed by choosing A = A e in the hypothesis 
of the Lemma and by choosing a sequence Uk of nonnegative C°° functions, each 
of which has integral 1, such that Uk{x) = outside the interval < x < 1/k. A 
standard argument shows that the sequence of self-adjoint operators 

Bk= u k (s)(f> s (A e )ds 
Jo 

converges weakly to A e , and the Lemma implies that B k £ A for k > 1/e. | 

Thus the strong closure A~ of A has the form B(H ) © C where H C H is a 
subspace of codimension one in H, and the following implies that these examples are 
"almost" E'o-semigroups in the sense that there is an S -semigroup a = {a t : t > 0} 
acting on B{Hq) such that 4>t acts as follows on A~ , 



WB8A) =a t (B)®\, 



B € B(H ), A G C. 
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Corollary. Let A be the strong closure of A. Then (fit(A) C A for every t > and 
{4>t \a- t — 0} * s a semigroup of endomorphisms of this von Neumann algebra. 

proof We show that (fi t {A) C .A, and for A,B £ A one has (fi t (AB) = (fi t (A)(fi t {B). 
Choose A G A, and let / and u(A) = (Af, f) be as in the definition of <fi t , 

(fi t {A) = uj{A)E t + U t AU; , A e A, t>0. 

Since / is an eigenvector for both A and A* and f/ t */ = e~ at f, one can verify 
directly that (fi t (A)f = co(A)f and (fit(A)* f = co(A*)f, and the Proposition implies 
that (fi t (A) C A. Finally, for A, B € A one has u(AB) = lo(A)lo(B), and (fi t (AB) = 
uj{AB)E t + UtABU'l = u(A)u{B)E t + U t AU;U t BU; = (fi t (A)(fi t (B). By normality 
of (fit, the formula (fi t (AB) = (fi t {A)(fi t (B) persists for operators A,B in the strong 
closure of A. I 

3. The symbol of the generator: properties and structure. 

There are two useful characterizations of the generators of uniformly continuous 
CP-semigroups, i.e., those whose generators are everywhere defined bounded linear 
maps on B(H). The first is due to Lindblad [24] and independently to Gorini et al 
[20] (also see [13], Theorem 4.2). The second characterization is due to Evans and 
Lewis [19], based on work of Evans [16]. These two results can be paraphrased as 
follows. 

Theorem. Let L : B(H) — > B(H) be a bounded linear map and let <fi = {(fit '■ t > 0} 
be the semigroup defined on B(H) by (fit = exp(tL). The following are equivalent. 

(1) (fit is a completely positive map for every t > 0. 

(2) (Lindblad, Gorini et al) L admits a decomposition 

L(A) = P(A)+BA + AB*, A e B(H) 

where P is a completely positive linear map and B £ B(H). 

(3) (Evans and Lewis) For every finite set of operators A\, . . . , A n , Bi, . . . , B n G 
B(H) which satisfy A±Bi + • • • + A n B n = 0, we have 

n 

A*L(B*Bi)Ai > 0. 

A linear map L : B(H) — > B(H) satisfying property (3) of Theorem 3.1 is called 
conditionally completely positive [17]. While the characterization (2) tells us exactly 
which bounded linear maps generate CP semigroups, the cited decomposition of L 
into a sum of more familiar mappings is unfortunately not unique. 

The purpose of this section is to make two observations. First, we point out 
that the notion of a conditionally completely positive linear map defined on a *- 
algebra is more properly formulated in terms of the bimodule of noncommutative 
2-forms over that algebra; and once that is done the "symbol" of the map becomes 
analogous to a Riemannian metric. Second, we show that by making use of the 
domain algebra of section 1, this notion becomes appropriate for the generators of 
arbitrary CP-semigroups. 
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Let A be the domain algebra of a CP semigroup <$> = {<ftt ■ t > 0} acting on 
B(H) 

A={AeV: A* A G V, AA* G £>}, 

where T> is the natural domain of the generator L of <j). We first recall the definition 
of the module of noncommutative 1-forms Q}{A), and 2-forms Q 2 (A). The algebraic 
tensor product of vector spaces A <8> A can be considered an involutive bimodule 
over A, with 

a(x <g> y)b = ax ® y6, 
(x<g>y)* = y*®x*. 

The map d : A ^ A® A defined by dx = 1 (g) x — x (g> 1 is a derivation for which 
(dx)* = — d(x*), and it is a universal derivation of A in the sense that if E is any 
„4-bimodule and D : A — > E is a linear map satisfying D(xy) = xD(y) + D(x)y for 
all x,y G .4., then there is a unique homomorphism of „4- modules : («4) — ► E 
such that 9 o d = D. Every element of ^(A) is a finite sum of the form 

r 

fc=i 

and the involution in S7 1 („4) satisfies 

(adx)* = -d(x*)a* = -d{x*a*) + x* d{a*). 

Finally, Q 1 (A) is the kernel of the multiplication map ji : A <8> A — >■ A defined by 
n(x <g> y) = xy, and thus we have an exact sequence of „4- modules 

(3.1) — y&iA) — >A®A — >A — >0. 
£l 2 (A) is defined by 

n 2 (A) = n 1 (A) ® A n\A), 

and any element of VL 2 {A) can be written as a sum 

r 

u = ^2 a k dx k dy k . 

k=i 

The involution in Q 2 (A) satisfies 

(adxdy)* = d(y*)d(x*)a* = d{y*)d{x*a*) - d(y*x*)d{a*) + y*d(x*)d(a*). 

Since A is a *-subalgebra of B(H), we may also think of B(H) as an „4-bimodule. 
Now a straightforward argument shows that for every linear mapping L : A — > £>(#) 
there is a unique homomorphism of bimodules gl ■ Q 2 (A) — > S(-fT) which satisfies 

(3.2) u L {dxdy) = L(xy) - xL{y) — L{x)y + xL(l)y, x,y £ A 

(see section 2 of [4] for more detail), ox G hom(J7 2 , B{H)) is called the symbol of 
the linear map L. 

Consider now the special case in which A = B(H), L : B(H) — > .B(-ff) is a 
bounded linear mapping, and let = {4> t = expiL : t > 0} is the semigroup of 
bounded operators on B(H) generated by L. The preceding theorem gives two 
characterizations of the maps L for which each <p t = exp tL is completely positive; 
however, the following characterization is perhaps more in spirit with the theory of 
differential operators on manifolds. 
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Theorem. Let L : B(H) — > B(H) be a bounded linear map. To the two character- 
izations (2) (3) above, one can append the following equivalent condition 

(4) The symbol a L : 9?(B{H)) -» B{H) satisfies 

o- l (lu*uj) < 0, for every to G fi^iT)). 

This characterization is Proposition 1.6 of [5]; a fuller discussion of these issues 
can be found in [4]. Notice that the sense of the inequality < is determined by the 
fact that the involution in satisfies (dx)* = —d(x*), and hence for uj = dx we 
have uj*uj = —d(x*) dx. In particular, for uj = dx where x is a self-adjoint element 
we have <7l(oj 2 ) > while cfl{u*u)) < 0. 

Remarks. There is a rather compelling analogy between this characterization of the 
generators of CP semigroups and the generator of the heat flow of a Riemannian 
manifold, namely the Laplacian. More precisely, let M be a complete (but not 
necessarily compact) Riemannian manifold and consider its natural Hilbert space 
L 2 (M) . The Laplacian A acts naturally as a densely defined operator on L 2 (M) and 
generates a semigroup of bounded operators expiA, t > 0, acting on L 2 (M) (the 
book of Davies [14] is a good reference). This semigroup maps bounded functions 
in L (M) to bounded functions in L 2 (M), and the latter determines a semigroup 
of normal linear maps on the abelian von Neumann algebra L°° (M) which carries 
nonnegative functions to nonnegative functions and fixes the constant functions. 

In order to discuss the symbol of A we introduce local coordinates in some open 
set f/CMto identify U with an open region in R n . For clarity, we will be explicit 
with notation. At each point x 6 U the tangent space T X (M) is identified with M n , 
and for a smooth function / on M the differential df takes the following form 

df{x,v) = —f{x + tv)\ t= o = J2g^^ Vk - 

The metric gives rise to a an operator function x G U >— > G(x) on R n by way of 

( v > w )t x (m) = ( g ( x ) v i w )k™ ) v,weT x (M), xeU, 

where (•, -) R „ denotes the Euclidean inner product on M n . G(x) is an invertible 
positive operator on W 1 for every x G U. For two vector fields £, n on M we have 

{Z(x),r)(x)) TAM) = (G(x)t(x),7](x)) Rn = 9ij(x)^j(x)Vi(x), 

for x £ U, (gij(x)) being the matrix of G(x) relative to the usual orthonormal basis 
for M n . 

The inner product on the tangent space T X (M) promotes naturally to an inner 
product on the cotangent space T*{M). Indeed, the Riesz lemma implies that every 
linear functional p on T X (M) is associated with a unique vector G T X (M) via 



p[v) = {v,p*) Tx{M) , 
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and the inner product in T* (M) is denned by 

(P)Ct)t*(M) = (P*' a *)T x (M) ■ 

With these conventions one finds that for a smooth function / and a point x € U, 
df(x, ■)* becomes the vector in W 1 with components v\, . . . , v n , 

j=i J 

(g l i{x)) = (gij(x))~ 1 being the matrix of the inverse operator G(x)~ 1 . For points 
x G U one has 

(3-3) <(#)., (c&).)t.(m) = £ 9 ij {x)^^. 

i,j = l J 1 

We first recall that the dualized Riemannian metric (whose values are inner 
products on the cotangent spaces T*(M)) can be linearized naturally so that it 
becomes a C°°(M)-linear map of the the module f^ 2 )(M) of symmetric 2-forms. 
More explicitly, let 1 (M) be the usual module of 1-forms and let Q,^ 2 \M) be the 
submodule of Q 1 (M) <%>c°°(m) ^(M) consisting of all elements that are fixed under 
the action of the reflection R defined by R : u>\ <g> u>2 > <8>u>i- For u>\,u>2 € Q 1 (M) 
we write 0J1OJ2 for the symmetrized product 

UJXUJ2 = -{oJi ®uj 2 +uJ2 <S> cot) G n (2) (M). 

There is a unique homomorphism of C°°(M)-modules G* : Q^(M) -» C°°(M) 
satisfying G*(dfdg)(x) = (df, dg) T ,^ M ~ ) for all x € M, and in local coordinates 

(3.3) implies that G* has the form 

(3.4) G*(dfdg)(x) = J2 9 ij W§^^ x £ U. 

i,j = l 3 % 

If one knows G* as a homomorphism of C°° (M)-modules then one also knows 
the inner product in each cotangent space T*(M), and hence one can recover the 
original metric as an inner product on tangent spaces by duality and the Riesz 
lemma as above. 

We now relate these remarks to the symbol of the Laplacian A of M. The symbol 
of any differential operator L : C°°(M) — > C°°(M) of order at most 2 is associated 
with the bilinear form defined on C°°(M) by 

f,g e C°°(M) » L(fg) - fL(g) - gL(f) + fgL(l). 

A straightforward argument shows that there is a (necessarily unique) homomor- 
phism of C°°(M)-modules a L : n^(M) -» C°°(M) satisfying 



a L (df dg) = L(fg) - fL(g) - gL(f) + fgL(l). 
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In particular, this defines the symbol of any second order differential operator on 
C°°(M)), as an element of hom(ft 2 (M), C°°(M)). 

Restricting attention to the operator L = A, one sees that for each / G C°°(M) 
the restriction of A(/) to U has the form 

(3.5) A(/)(x)= V>« W ^+y> W ^, 

i,j=l J fc=l 

where ui, . . . , u n are appropriate smooth functions (see p. 147 of [14]). Using (3.5) 
one easily computes the symbol of A, and because of the local formula (3.4) for 
G* one obtains <ta = 2 ■ G* . From these remarks we conclude that the symbol of 
the Laplacian ( considered as an element o/hom(ft( 2 ) (M), C°°(M)) ) is precisely the 
Riemannian metric of M in its dualized form. 

Returning now to the case of a general CP semigroup <f> = {<pt '■ t > 0} acting 
on B(H), let A be the domain algebra of the generator of 4>. Letting L be the 
restriction of the generator to A, it is natural to ask the extent to which the 
generator can be identified with something analogous to a Riemannian metric (more 
precisely, to the homomorphism of C°° (M)-modules G* : n^(M) -> C°°{M) that 
the dualized Riemannian metric determines). We have already defined the symbol 
ol '■ Q 2 (A) — > 13(H) as a homomorphism of ^l-modules, and the following asserts 
that <7l does behave as if it were a (perhaps degenerate) Riemannian metric. 

Proposition. Let <j) = {cf) t : t > 0} be a CP semigroup acting on B(H) and 
consider the restriction L of the generator to the domain algebra L : A — > B(H). 
Then the symbol of L satisfies 

a L (u*uj)<0, w G O 1 ^); 

and more generally for all £i, . . . ,£ n € H and Ui, . . . ,uj n € ^(A) we have 

n 

<^K^)6,e. 3 > <o. 

The proof is a computation, facilitated by the following formula. 
Lemma. Letu\, uj 2 be elements of CI 1 (A) having the form 

s 

Lo k = s ^A kp ® B kp , k = l,2, 
P =i 

where AkiB k i + • • • + Ak s Bk s = for k = 1,2. Then 

s 

o- L (viU2) = - ^2 A lp L(B lp A 2q )B 2q . 

p,q=l 

proof of Lemma. Since SI 1 (^4) is spanned by elements of the form A • dX, as well 
as by elements of the form dY ■ B, A,B,X,Y G A, and since &l is a bimodule 
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homomorphism, it suffices to check the formula for u\, uj 2 of the particular form 
oj\ = dX, uj 2 = dY. 
Writing 

dXdY = (X <g> 1 - 1 ® X)(Y <g> 1 - 1 ® y) 

= (x ® i)(y ® i) - (i ® x)(y ® i) - (x ® i)(i ® y) + (i ® x)(i ® y) 

the right side of the asserted formula for ai,(dX dY) has the form 

-(XL(Y) - L(XY) - XL(1)Y + L(X)Y) = 
L(XY) - XL(Y) - L{X)Y + XL(1)Y = a L (dX dY), 

as required. I 



proof of Proposition. Because of the exact sequence (3.1), every element to € SI 1 (.A) 
can be written 

uj = A 1 (g>5i H VA S ®B S , 

where A k ,B k are elements of A satisfying AiBi H \-A s B s = 0. Choose elements 

u\,...,u n € fi 1 ^) of the form 



, n 



Lo k = ^^A kp ® B kpi k = l,. 
P =i 

where J2 P A kp B kp = for k = 1, . . . , n. We have 

n 

P =i 

so that the product uj^uij 6 2 (A) is given by 



p,<J = l 

The Lemma implies that 

s 

(3.6) MwfcWj) = - ^ B* kp L{A* kp A jq )B jq . 

p,q=l 

If we now choose vectors G H, k = 1, . . . , n then we find that 

k,j i,j,P,q 

(3-7) =-^<L(^ a )r /a ,^>, 

a,/3 
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where in the third term, a and (3 run over all pairs {(k,p) : 1 < k < n, 1 < p < s} 
and where the r] a are defined by = Bk p Ck- Finally, the last term on the right 

of (3.7) can be rewritten in terms of the n ■ s x n ■ s operator matrix A having the 
entries A a along a single row and zeros along all the other rows as follows 

'L^- s \A*A)fi,ri 



where fj is the column vector with components rj a , and where L^ n ' s ^ is the natural 
map induced by L on matrices over A be applying L to the elements of the matrix 
term-by-term. 

Thus we have to show that l^L^ n ' s \A* A)fj,rjj > 0. Recalling that the definition 
of L on elements of A is 

L(X) = lmi + ^MX) - X) 
and the fact that A is a *-subalgebra of the domain of L, it follows that 
L^(A*A)f,,f,) = t hm i((# s) (I*I)r?,r/) - (A*Aij,rj)). 



Notice that ^A*Afj, fjj = 0. Indeed, by inspection of the components of the 

column vector Afj we find that it is the column vector having a single (possibly) 
nonzero component and that component is 

n s 

^A Q r? Q = AkpBkptjk = "^^C^ Ak p Bkp)ik = 0, 

a k,p k = l p=l 

since ^2 p A kp B kp = for every k. Thus we have to show that 

(3.8) ki(f (i'i)y)>0. 

Now since for each t > the map 4> t is unital and completely positive, the 
Schwarz inequality for completely positive maps implies 

^ s \A*A)>^r\Ay^r\A), 

and hence for positive t we have 

\(4><r'\A*A)fj,r,) >\( < t ) { r\A)vA { r\A)v) = - t \\4 n - s \A)v\\ 2 . 

We claim that the term on the right tends to zero as t — ► 0+. Indeed, since the 
operator matrix A belongs to the domain of the generator of the CP semigroup 
(f)( n ' s ) = {<^ n s - > : t > 0}, Lemma 1 implies that there is a constant M > such that 
for every positive t, \\<j>[ n ' a \A) — A\\ < M -t. It follows that 

\\4 n - s \A)fi\\ = \\4 n - s \A)fi-Ar l \\<M.t-\m 

and hence 

1 " ■(•"■■*){ a\^\\2 ^ i; m l (i\/r-2 . +2 . i|~i|2^ _ n 



limsup-||^ n ' SJ (A)r/|| 2 < lim -(M • t ■ \\fj 



It follows that 



lim I (# s) (I*I)r^) > ( limj||# s) (i)r ? || 2 = 0, 



and the inequality (3.8) follows. 



18 



WILLIAM ARVESON 



References 

1. Arveson, W., The heat flow of the CCR algebra, preprint available at the author's web page 
http: //wuw.math.berkeley . edu/~ arveson. 

2. Arveson, W., Pure Eo-semigroups and absorbing states, Comm. Math. Phys. 187 (1997), 
19-43. 

3. , Interactions in noncommutative dynamics, to appear, Comm. Math. Phys.. 

4. S. Doplicher, R. Longo, J. E. Roberts, L. Zsido (ed.), Dynamical invariants for noncommu- 
tative flows, Operator Algebras and Quantum Field Theory, Accademia Nazionale dei Lincei, 
Roma, International Press, 1997, pp. 476-514. 

5. , On the index and dilations of completely positive semigroups, Int. J. Math. 10, no. 

7 (1999), 791-823. 

6. , The index of a quantum dynamical semigroup, Jour. Funct. Anal. 146 (1997), 557- 

588. 

7. Bhat, B. V. R., An index theory for quantum dynamical semigroups, Trans. Amer. Math. Soc. 
348 (1996), 561-583. 

8. , Minimal dilations of quantum dynamical semigroups to semigroups of endomor- 

phisms of C* -algebras, J. Ramanujan Math. Soc. 142 (1999), 109-124. 

9. , Cocycles of CCR flows, to appear, Memoirs AMS. 

10. Bhat, B. V. R. and Fagnola, F., On minimality of Evans Hudson flows, Bull, dell' Unione 
Mat. Ital. Serie VII IX-A-3p. (1997), 671-683. 

11. Chebotarev, A. M., Fagnola, F., Sufficient conditions for conservativity of quantum dynamical 
semigroups, J. Funct. Anal. (1993), 131-153. 

12. Connes, A., Non Commutative Geometry, Academic Press, 1994. 

13. Davies, E. B., Quantum theory of open systems, Academic Press, London, 1976. 

14. , Heat kernels and spectral theory, Cambridge University Press, Cambridge, UK, 1990. 

15. , Generators of dynamical semigroups, J. Funct. Anal. 34 (1979), 421-432. 

16. Evans, D., Quart J. Math. Oxford 28 yr 1977, 369. 

17. , Quantum dynamical semigroups, symmetry groups, and locality, Acta Appl. Math. 

2 (1984), 333-352. 

18. Evans, D. and Lewis, J. T., Some semigroups of completely positive maps on the CCR algebra, 
J. Funct. Anal. 26 (1977), 369-377. 

19. Evans, D. and Lewis, J. T., Dilations of irreversible evolutions in algebraic quantum theory, 
Comm. Dubl. Inst. Adv. Studies, Ser A 24 (1977). 

20. Gorini, V., Kossakowski, A. and Sudarshan, E. C. G., Completely positive semigroups on 
N-level systems, J. Math. Phys. 17 (1976), 821-825. 

21. Hudson, R. L. and Parthasarathy, K. R., Stochastic dilations of uniformly continuous com- 
pletely positive semigroups, Acta Appl. Math. 2 (1984), 353-378. 

22. Kummerer, B., Markov dilations on W* -algebras, J. Funct. Anal. 63 (1985), 139-177. 

23. , Survey on a theory of non-commutative stationary Markov processes, Quantum Prob- 
ability and Applications III, vol. 1303, Springer Lecture notes in Mathematics, 1987, pp. 154- 
182. 

24. Lindblad, C, On the generators of quantum dynamical semigroups, Comm. Math. Phys. 48 
(1976), 119. 

25. Mohari, A., Sinha, Kalyan B., Stochastic dilation of minimal quantum dynamical semigroups, 
Proc. Ind. Acad. Sci. 102 (1992), 159-173. 

26. Parthasarathy, K. R., An introduction to quantum stochastic calculus, Birkhauser Verlag, 
Basel, 1991. 

27. Powers, R. T., An index theory for semigroups of endomorphisms ofB(H) and type II factors, 
Can. J. Math. 40 (1988), 86-114. 

28. , A non-spatial continuous semigroup os *- endomorphisms ofB(H), Publ. RIMS (Ky- 
oto University) 23 (1987), 1053-1069. 

29. , New examples of continuous spatial semigroups of endomorphisms ofB(H), (preprint 

1994). 

30. Powers, R. T. and Price, G, Continuous spatial semigroups of ^-endomorphisms of B(H), 
Trans. A. M. S. 321 (1990), 347-361. 



